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Abstract   Polyelectrolyte (PE) gels are widely used in fields ranging from controlled drug delivery to tissue engineering, owing to their stimuli-re-

sponsive swelling behavior. The electrostatic interactions within the gels play a crucial role in the physical mechanisms underlying this response.

In this work, we investigate the salt-dependent swelling behavior and shear modulus of PE gels based on a cell model, which explicitly addresses

the inter-monomer electrostatic interactions. Through free energy minimization and asymptotic analysis, we derive four distinct scaling regimes

for the equilibrium swelling ratio and modulus as functions of salt concentration, covering both overlapping and non-overlapping electric dou-

ble layers. Comparisons between polyelectrolyte gels with different cross-link densities and charge intensities are also presented.
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INTRODUCTION

Polyelectrolyte  gels  are  polymer  networks  composed  of  cross-
linked polyelectrolytes with ionizable groups.[1,2] Dissociation of
ionizable groups leads to a charged polymer network,  and the
electrostatic  interactions  between the charged monomers  and
mobile ions result in the salt-dependent swelling behavior of PE
gels.[3,4] This  stimuli-responsive  swelling  property  enables  the
widespread applications of PE gels, such as microrobots,[5,6] soft
actuators,[7,8] and 4D printing.[9,10]

Numerous  theoretical  models  have  been  proposed  to  de-
scribe the swelling behavior of PE gels.  Flory and Rehner de-
veloped a theoretical framework to describe the swelling be-
havior  of  neutral  polymer  networks.[11,12] They  determined
the  swelling  equilibrium  of  the  network  by  considering  the
balance  between  entropy  of  elastic  deformation  and  poly-
mer-solvent  mixing.  Subsequent  studies  extended the Flory-
Rehner model to include electrostatic interactions in order to
investigate  the  swelling  behavior  of  polyelectrolyte  gels.
Katchalsky and co-workers modeled each PE chain as an iso-
lated  rod-like  molecule,  and  presented  the  electrostatic  free
energy  of  a  single  chain  by  solving  the  linearized  Poisson-
Boltzmann  (PB)  equation.[13,14] While  this  model  accounted
for electrostatic effects on the swelling of PE gels in salt solu-
tions, later studies pointed out that their analysis is restricted
to  the  Debye-Hückel  (DH)  limit,  which  is  valid  only  for  small

electrostatic potentials.[15,16]

Meanwhile,  a  Donnan  potential  has  been  broadly  em-
ployed  to  capture  the  electrostatic  potential  difference  be-
tween  the  gel  and  the  external  solution.[17−22] Nevertheless,
the  Donnan  equilibrium  assumes  a  uniformly  distributed
electrostatic  environment  inside  the  gel,  thus  neglects  the
polyelectrolyte  effects  associated  with  electrostatic  interac-
tions among charged polymer segments. Landsgesell et al. hi-
erarchically  coarse-grained  the  periodic  gel  model  into  a
chain-based  cell  model,  in  which  each  cross-linked  chain  is
represented as a ion-penetrable charged rod, and solved the
electrostatic interactions within the PB framework.[16] Our re-
cent work introduces a monomer-based cell model to depict
the electrostatic interactions among charged monomers and
mobile  ions,  and  characterizes  the  salt-dependent  swelling
behavior  of  PE  gels  under  conditions  of  overlapping  electric
double layers  (EDLs).[23] The swelling behavior  in  this  regime
can also be captured by Donnan-based descriptions.

In this work,  we extend our model to analyze the swelling
of  PE  gels  across  both  overlapping  and  non-overlapping
EDLs,  and further  investigate  the effect  of  salt  concentration
on  the  equilibrium  modulus  of  the  gel.  Our  approach  re-
solves spatial variations of the electrostatic potential and ion
distributions  at  the  monomer  level,  thereby  capturing  inter-
monomer electrostatic interactions.

THEORY

Free Energies
NWe  consider  a  polyelectrolyte  gel  containing  totally 

monomers immersed in a solution reservoir with a salt concen-
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ns

V G
tration  of ,  as  shown  in Fig.  1(a).  After  free  swelling,  the  gel
reaches  an  equilibrium  volume ,  and  shear  modulus .  The
swelling  behavior  of  the  PE  gel  is  governed  by  the  combined
contributions of the network elasticity, excluded-volume effects,
and electrostatic interactions.

FelsThe  elastic  free  energy  ( )  of  the  gel  is  described  using
the  neo-Hookean  model,  in  which  the  polymer  chains  are
treated  as  Gaussian,  and  the  polymer-solvent  mixture  is  as-
sumed to be incompressible, thereby yielding

Fels

kBT
= 3N

2Nstr
( V
Nν

) 2
3

(1)

kB T
Nstr

ν

where  is  the  Boltzmann  constant,  is  the  thermodynamic
temperature,  denotes  the  number  of  monomers  in  a  net-
work  strand  (polymer  segments  between  two  adjacent  cross-
links),  and  is the effective volume of a monomer.[24−26] In the
presence of  salt,  the Gaussian-chain assumption is  appropriate
at  the strand scale since the electrostatic  repulsion is  screened
over  the  Debye  length.[27] Therefore,  network  elasticity  can  be
reasonably  described  based  on  Gaussian  chain  statistics  in  the
present  work.  Although  the  finite  extensibility  effect  may  be-
come non-negligible in highly swollen states, the neo-Hookean
model  captures  the  essential  elastic  response  while  remaining
rather simple, and has therefore been widely adopted.[24,28,29]

ϕ = Nν/V ≪ 1
FEV

According  to  Flory-Huggins  theory,[25,30] for  swollen  gels
with a small volume fraction , the excluded-vol-
ume energy  takes the form

FEV

kBT
= N [(1

2
− χ) Nν

V
+

1
6
(Nν
V
)2] (2)

χwhere  is  the Flory-Huggins  interaction parameter,  which de-
scribes  the  interaction  of  the  polymer  chains  with  solvent
molecules, as well as the binary interactions of polymer chains.

The  electrostatic  free  energy  (Felec)  is  contributed  by  the
electrostatic  interactions  between  the  charged  polymer  net-
work and the surrounding mobile ions, as well as the entropy
of  mixing  of  the  electrolyte  ions.  We  employ  a  cell  model,
which  models  the  charged  monomers  as  similarly  charged
plates,  cylinders,  or  spheres,  to  probe  the  electrostatic  free
energy of the PE gels. Such cell models have been extensive-
ly  employed  to  investigate  the  properties  of  polyelectrolyte
solutions  and  brushes.[31−34] Here,  we  assume  that  the
monomers are homogeneously distributed in the gel, the vol-

Ω = V/N
φ

σ = −eφ/A
λ =

√
ϵ0ϵrkBT/(2e2ns) ϵ0 ϵr

ume  of  each  cell  is .  We  consider  the  case  in  which
the  monomers  are  negatively  charged  with  a  fixed  charge
fraction ,  so  the  charge  density  of  each  monomer  is

, where e is the elementary charge, and A is the sur-
face area of  each monomer.  The thickness of  electric  double
layers formed near the monomer can be characterized by the

Debye  length ,  where  and  are  the

vacuum permittivity and relative dielectric constant of water,
respectively.  In  the  framework  of  a  mean-field  description
with point-like mobile ions, the electrostatic free energy Felec

takes the form

Felec

kBT
= N∫

A

σψs

kBT
dA − N∫

Ω

ϵ0ϵr

2kBT
∣∇ψ∣2dΩ +

N∫
Ω
∑
i

{ eψ
kBT

zini + ni,∞ + ni [ln ( ni
ni,∞

) − 1]}dΩ
(3)

ψ
ψ = 0 ψs

∇ψ
zi

i = ± ni ni,∞

where  denotes  the  electrostatic  potential  measured  relative
to the reservoir, i.e.,  in the bulk solution,  is the electro-
static potential at the monomer surface,  denotes the gradi-
ent of the electrostatic potential,  represents the valence of ion
species , and  and  denote local and bulk ion concen-
trations, respectively.

The Poisson-Boltzmann Equation

n±,∞ = ns z± = ±1
Felec ψ ni

Since  we  consider  the  ions  to  be  monovalent  in  the  present
work, we have , . Accordingly, taking function-
al variations of  in Eq. (3) with respect to  and  leads to
the Poisson equation and Boltzmann distribution

δFelec

δψ
= 0 ⇒ ∇2ψ = −

e (n+ − n−)
ϵ0ϵr

(4a)

δFelec

δn±
= 0 ⇒ n± = nsexp (∓ eψ

kBT
) (4b)

The boundary condition at the charged surface (S) is deter-
mined by

δFelec

δψs
= 0 ⇒ (n ⋅ ∇ψ)S = −

σ
ϵ0ϵr

(5)

ψThus the electrostatic potential  can be evaluated analyti-
cally and numerically by solving Eqs. (4a)–(5).

ψ Felec

F
V V/ (Nν)

Substituting  into  the  electrostatic  free  energy  and
minimizing the total free energy  with respect to the gel vol-
ume ,  we obtain the swelling ratio  of the PE gels at
equilibrium state.

Shear Modulus

G0 = kBT/ (Nstrν)
Our model can further be used to predict the equilibrium shear
modulus of PE gels swelling in salt solutions with different con-
centrations. We use  to denote the shear mod-
ulus  of  the  gel  in  the  stress-free  state.[24,25] For  a  neo-Hookean
material, the Cauchy stress can be written as

σ =
G0

J
(FFT − I) (6)

F J = ∣F∣
G

F

where  is the deformation gradient, and .[35] To evaluate
the  modulus  of  a  swollen  gel,  we  consider  applying  a  small
shear deformation on it. So the deformation gradient  is

F = α
⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 γ 0
0 1 0
0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦ (7)

α = [V/ (Nν)]1/3where  is  the stretch ratio of  the freely swollen
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Fig.  1    (a)  The  schematic  of  salt-induced  stimuli-responsive
swelling  behavior  of  PE  gels;  (b)  Zoom-in  illustration  showing  the
electrostatic  interactions  among  mobile  ions  and  the  charged
polymer network; the blue region around each chain represents the
electric double layers.
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γgel,  is the shear strain. Substituting Eq. (7) into Eq. (6), we de-
rive the shear stress

τ = σxy = G0α
−1γ (8)

G = τ/γAccording to  the  definition  of  shear  modulus ,  the
modulus of a swollen gel can be written as

G = G0( V
Nν

)− 1
3

(9)

This scaling is physically reasonable, as modulus is positive-
ly  correlated  with  the  cross-link  density  in  the  gel.  The
swelling of the gel dilutes the cross-link density, i.e., the num-
ber of network strands per unit volume decreases, leading to
a reduction of modulus.

Gν/ (kBT)Defining  the  dimensionless  modulus  as ,  Eq.  (9)
can be written as

Gv
kBT

= 1
Nstr

( V
Nν

)− 1
3

(10)

SCALING LAWS

Felec V/(Nν)
Gν/ (kBT)

λ ψ

We  apply  the  planar  cell  model  to  describe  the  electrostatics
within PE gels, and derive the analytical approximations of elec-
trostatic free energy , swelling ratio  and nondimen-
sional  modulus  through  asymptotic  analysis  of  the
Debye length  and electrostatic potential .

Charged Polyelectrolyte Gels: F ≈ Fels+Felec

FEV

Felec

F ≈ Fels + Felec

Over  a  broad  range  of  salt  concentrations,  the  excluded-vol-
ume free energy ( )  is  negligible compared with the electro-
static free energy ( ), i.e.,  the total  free energy of the PE gel

.

λ ≫ l
ψ n±

Considering the Debye length is much larger than the dis-
tance  between  monomers , i.e.,  the  EDLs  are  over-
lapped, we obtain an approximate solution for  and  from
Eqs. (4a)–(5)

eψ
kBT

≈ −sinh
−1 (φ

2
N
Vns

) − 1
2

φ
φc

(x2

l2
−

1
3
) (11a)

n± ≈

√(φ
2
N
V
)2

+ n2
s ±

φ
2
N
V

(11b)

φc = a/ (πlB)
lB = e2/ (4πϵ0ϵrkBT)where we define  as a critical charge fraction, and

 is  the  Bjerrum length.[31] The  derivation of

Eq.  (11a)  follows  the  procedure  presented  in  the  Appendix  of
Ref.  [32].  Combining Eq. (11) and Eq. (3) yields the electrostatic
free energy

Felec

kBT
≈ φNsinh

−1 ( φN
2Vns

) + 2Vns −
√(φN)2 + (2Vns)2 (12)

λ ≪ l

∣eψ∣ ≪ kBT

As  the  salt  concentration  increases,  the  EDL  thickness  de-
creases because the higher ionic strength enhances the elec-
trostatic  screening.  Consequently,  the  Debye  length  can  be-
come  smaller  than  the  distance  between  monomers, ,
leading to non-overlapping EDLs. At high salt concentrations,
the  strong  screening  typically  leads  to  a  weak  electrostatic
potential, ,  so  Eq.  (4)  can be  linearized within  the
DH limit and gives

d2ψ

dx2
=

2e2nsψ
ϵ0ϵrkBT

(13)

ψ n±
Solving  Eqs.  (13)  and  (4b)  under  the  boundary  condition

Eq. (5), we derive approximations for  and 

eψ
kBT

≈ −

√
φ2

φc

N
2Vns

cosh (√2Vns

φcN
x
l )

sinh

√
2Vns

φcN

(14a)

n± ≈ ns (1 ∓
eψ
kBT

) (14b)

Substituting Eq. (14) into Eq. (3) yields

Felec

kBT
≈

φN
2

√
φ2

φc

N
2Vns

(15)

λ
ψ

In  the  following,  we  derive  three  distinct  scaling  regimes
via asymptotic analysis of the Debye length  and the electro-
static potential .

λ ≫ l∣eψ∣ ≫ kBT
φN/ (2Vns) ≫ 1 φN/ (2Vns) ≫ 1

eψ/ (kBT) ≈ −sinh−1[φN/(2Vns)] ∣eψ∣ ≫ kBT

Regime I. For scenarios of overlapping EDLs  and be-
yond  DH  limit ,  the  large  electrostatic  potential
corresponds  to .  In  this  limit ,
the  leading  order  of  Eq.  (11a)  is 

,  which  yields .  Therefore,  Eq.  (12)  reduces
to

Felec

kBT
≈ φNsinh

−1 ( φN
2Vns

) (16)

F ≈ Fels + Felec

F V
Substituting Eqs.  (1)  and (16)  into  and mini-

mizing the total free energy  with respect to , we derive the
swelling ratio at equilibrium state

V
Nν

≈ (φNstr) 3
2 , for ns ≪ ns1 (17)

ns1 = 1/(4φ1/2N3/2
str ν)

ns ≪ ns1 ∣eψ∣ ≫ kBT
where  defines  the  crossover  salt  concen-

tration,  and  corresponds  to .  Combining
Eqs. (17) and (10), we obtain

Gv
kBT

≈ ( 1

φN3
str

) 1
2

, for ns ≪ ns1 (18)

In  this  asymptotic  regime,  the  contribution  of  added  salt
becomes negligible and the swelling is dominated by counte-
rions, consistent with the classical salt-free limit.

λ ≫ l∣eψ∣ ≪ kBT
Regime  II. For  scenarios  of  overlapping  EDLs  and

within DH limit , Eq. (12) can be simplified as

Felec

kBT
≈

φ2N2

4Vns
(19)

F VSimilarly,  we  minimize  with  respect  to  and  obtain  an-
other scaling law

V
Nν

≈ (φ2Nstr

4vns
) 3

5

, for ns1 ≪ ns ≪ ns2 (20)

ns2 = 211/2φ5/2
c / (φ3N3/2

str v) ns ≪ ns2

λ ≫ l
where , and  is equivalent to

. Substituting Eq. (20) into Eq. (10) yields

Gv
kBT

≈ ( 4vns

φ2N6
str

) 1
5

, for ns1 ≪ ns ≪ ns2 (21)
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λ ≪ l∣eψ∣ ≪ kBT
F ≈ Fels + Felec F V

Regime  III. For  scenarios  of  non-overlapping  EDLs 
and within DH limit , substituting Eqs. (1) and (15)
into  and minimizing  with respect to , we ob-
tain the equilibrium swelling ratio of PE gels:

V
Nν

≈ (φ
2
) 12

7 ( N2
str

2φcνns
) 3

7

, for ns2 ≪ ns ≪ ns3 (22)

ns3 = 37/8φ4N9/8
str / (32φcν) ns ≪ ns3 ns ≫ ns3

Fels + Felec Fels + FEV

where .  For  and ,

the free energy is governed by  and , respec-
tively.  Together  with  Eqs.  (22)  and  (10),  we  obtain  the  corre-
sponding modulus in this regime

Gv
kBT

≈ (2
φ ) 4

7 (2φcνns

N9
str

) 1
7

, for ns2 ≪ ns ≪ ns3 (23)

λ
ns

As the Debye length  decreases with increasing salt  con-
centration ,  ionic  excluded-volume  interactions  become
significant when the ionic volume fraction approaches unity.
In  this  study,  these  interactions  are  neglected  since  ions  are
treated as point-like particles. However, in the presence of ex-
cess salt, the polymer excluded-volume effects become domi-
nant  over  the  electrostatic  interactions,  causing  the  charged
polyelectrolyte gel to exhibit neutral-like behavior.

Neutral Polymer Gels: F ≈ Fels+FEV

Felec

ns ns3

Felec ≪ FEV

With  further  increasing  salt  concentration,  the  charged
monomers experience enhanced ionic screening, resulting in a
substantial  reduction  of  the  electrostatic  free  energy .
Therefore,  when  exceeds ,  the  electrostatic  interactions
become  negligible  compared  with  the  polymer  excluded-vol-
ume effect, i.e., . As a result, the swelling behavior of
the PE gel approaches that of a neutral polymer gel.

F
Combining  Eqs.  (1)  and  (2),  and  minimizing  the  total  free

energy , we obtain the swelling ratio

V
Nν

≈

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
(Nstr

3
) 3

8
, for θ solvent

[(1
2
− χ)Nstr] 3

5
, for non--θ solvent

(24)

θIn the following discussion, we focus on the -solvent case.
Substituting the corresponding expression in Eq. (24) into Eq.
(10) gives

Gν
kBT

≈ ( 3

N9
str

) 1
8

, for ns ≫ ns3 (25)

V/ (Nν) = 1/ϕ
Gν/ (kBT)

V/ (Nν) ∝ φ12/7n−3/7
s Gν/ (kBT) ∝ φ−4/7n1/7

s

Fig. 2 shows the predictions of swelling ratio 
and modulus  at equilibrium state for a PE gel. As the
salt  concentration  increases,  the  swelling  ratio  and  modulus
traverse  Regime  I–III,  and  eventually  enter  the  neutral-gel
regime. In addition to the widely reported scaling laws in the
overlapping EDLs regime (Regime I–II), we predict a new scal-
ing regime , ,  which
emerges when the EDLs are non-overlapping.

DISCUSSION

Effect of Cross-link Density

Nstr

The  cross-link  density  of  the  PE  gel  is  characterized  by  the
monomer  number  between  adjacent  cross-links , i.e.,  the

strand length. For the gel with larger strand length between the
cross-links,  the cross-link density is smaller,  resulting in a softer
network. In contrast,  the gel with shorter network strands con-
tains more cross-links per chain and is therefore stiffer.

Nstr=100
V/ (Nν) ∝ n−3/7

s

V/ (Nν) N/V

We  compare  the  swelling  behavior  of  PE  gels  with  differ-
ent cross-link densities, as shown in Fig. 3(a). Notably, for the
stiffer  PE  gel  ( ),  the  swelling  curve  does  not  exhibit
the scaling behavior  predicted for Regime III.
In  this  case,  the  higher  cross-link  density  suppresses  the  de-
formation  of  the  gel,  so  the  stiffer  gel  exhibits  a  smaller
swelling  ratio  and  a  higher  monomer  density .
Consequently,  the  smaller  inter-monomer  spacing  leads  to
overlapping  EDLs,  preventing  the  system  from  entering
Regime III with non-overlapping EDLs.

Nstr=500In contrast, for softer PE gel ( ), the lower cross-link
density imposes weaker constraints on network deformation,
allowing the gel  to undergo much larger deformation under
comparable electrostatic interactions. Therefore, with increas-
ing ionic screening, the EDLs of the softer PE gel convert from
overlapping  to  non-overlapping,  giving  rise  to  four  distinct
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Fig.  2    Theoretical  predictions  of  (a)  equilibrium  swelling  ratio
 and (b) dimensionless shear modulus  as a function

of  dimensionless  salt  concentration .  The  blue  solid  lines
represent  the  numerical  solution  for  and  at

.  The  parameters  are , ,  and
.
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scaling regimes.

Gν/ (kBT)
Nstr

Theoretical  predictions  of  the  dimensionless  shear  modu-
lus  for two kinds of gels are shown in Fig. 3(b). The
PE gel with smaller ,  corresponding to a higher cross-link
density, exhibits a significantly larger shear modulus. This be-
havior  is  fully  consistent  with  the  general  notion  that  poly-
mer networks with higher cross-link density are stiffer.

Effect of Charge Fraction

φ
φ = 0.3 < φc

φ = 0.9 > φc

V/ (Nν) ∝ n−3/5
s

We then compare the swelling behavior and modulus of PE gels
with different charge fraction , as shown in Fig. 4. We find that
the  weakly  charged  gel  with  doesn't  exhibit  the
scaling law of  Regime III,  whereas  for  the strongly  charged gel
with , Regime III fits well over a broad range of salt
concentrations.  In  addition,  the  scaling  law  of
Regime  II  dominates  the  swelling  behavior  of  weakly  charged
gels  at  intermediate  salt  concentrations,  while  for  strongly
charged  gels,  Regime  II  is  not  well  captured  by  the  numerical
solution.

These  differences  arise  from  the  different  electrostatic  in-

teraction  strengths  within  two  kinds  of  PE  gels.  In  strongly
charged gels, each monomer carries a larger average charge,
resulting  in  stronger  electrostatic  repulsion  between  adja-
cent monomers.  Thus,  at a given salt  concentration, strongly
charged gels exhibit a larger equilibrium swelling ratio. Mean-
while,  owing to the stronger electrostatic interactions within
strongly  charged  gels,  the  electrostatic  free  energy  remains
significant,  and  the  neutral-gel  regime  is  therefore  not  ob-
served.

V/ (Nν) ∝ φ12/7n−3/7
sThe new scaling relation  in  Regime III

provides a clear criterion to identify whether the EDLs within
the  PE  gel  remain  overlapping  or  become  non-overlapping.
According to the above discussions, this regime is more readi-
ly accessed in weakly cross-linked PE gels, such as mucus. The
transition  from  overlapping  to  non-overlapping  EDLs  alters
the effective range of electrostatic interactions within the gel,
which affects the mechanical and rheological response of PE
gels.  Furthermore,  the  distinct  scaling  enables  estimation  of
gel  parameters,  such  as  cross-link  density  and  effective
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charge fraction, from experimental data.

CONCLUSIONS

V/ (Nν) ∝ φ12/7n−3/7
s

We presented a  unified theoretical  framework to elucidate the
salt-dependent  swelling  behavior  and  shear  modulus  of  poly-
electrolyte  gels.  Our  cell  model  captures  the  essential  role  of
electrostatic screening and inter-monomer interactions, and re-
veals  how  distinct  scaling  regimes  emerge  across  overlapping
and  non-overlapping  electric  double  layers.  In  addition  to  the
two  scaling  laws  previously  reported  in  the  overlapping  EDLs
regime, we report a new scaling law  in the
non-overlapping EDLs regime. This scaling regime arises only at
sufficiently low cross-link density, high charge fraction and high
salt  concentration,  and therefore can be particularly  significant
for soft PE gels, such as biological mucus. Furthermore, we com-
pare the swelling behavior and modulus of PE gels with differ-
ent cross-link densities and charge fractions.  We anticipate our
model will facilitate the interpretation of experimental observa-
tions  and  provide  guidance  for  the  design  and  applications  of
stimuli-responsive polyelectrolyte gels.
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